Abstract. Let S be a scheme. In this paper, we define the notion of biextensions of 1-motives by 1-motives. Moreover, if M(S) denotes the Tannakian category generated by 1-motives over S (in a geometrical sense), we define geometrically the morphisms of M(S) from the tensor product of two 1-motives M 1 ⊗M 2 to another 1-motive M 3 , to be the isomorphism classes of biextensions of (M 1 , M 2 ) by M 3 :
Introduction
Let S be a scheme. A 1-motive over S consists of a S-group scheme X which is locally for theétale topology a constant group scheme defined by a finitely generated free Z-module, a semi-abelian S-scheme G, and a morphism u : X −→ G of S-group schemes.
Let M(S) be what should be the Tannakian category generated by 1-motives over S in a geometrical sense. We know very little about this category M(S): in particular, we are not able to describe geometrically the object of M(S) defined as the tensor product of two 1-motives! Only if S = Spec (k), with k a field of characteristic 0 embeddable in C, we know something about M(k): in fact, identifying 1-motives with their mixed realizations, we can identify M(k) with the Tannakian sub-category of an "appropriate" Tannakian category of mixed realizations generated by the mixed realizations of 1-motives.
The aim of this paper is to use biextensions in order to define some morphisms in the category M(S): Geometrically the morphisms of M(S) from the tensor product of two 1-motives M 1 ⊗ M 3 to another 1-motive M 3 are the isomorphism classes of biextensions of (M 1 , M 2 ) by M 3 :
Generalizing Grothendieck's work, in "Theorie de Hodge III" Pierre Deligne defines the notion of biextension of two complexes of abelian groups concentrated in degree 0 and -1 (over any topos T) by an abelian group. Applying this definition to 1-motives and to G m , to each isomorphism class of such biextensions he associates a pairing T * (M 1 )⊗ T * (M 2 ) −→ T * (G m ) in the Hodge, De Rhan, ℓ-adic realizations (resp. * = H, * = dR, * = ℓ).
Our definition of biextension of 1-motives by 1-motive generalizes the one of Deligne. The main idea of our definition is the following: Recall that a 1-motive M over S can be described also as a 7-uplet (X, Y ∨ , A, A * , v, v * , ψ) where
• X and Y ∨ are two S-group schemes which are locally for theétale topology constant group schemes defined by finitely generated free Z-modules;
• A and A * are two abelian S-schemes dual to each other; • v : X −→ A and v * : Y ∨ −→ A * are two morphisms of S-group schemes; and • ψ is a trivialization of the pull-back (v, v * ) * P A via (v, v * ) of the Poincaré biextension P A of (A, A * ).
In other words, we can reconstruct the 1-motive M from the Poincaré biextension P A of (A, A * ) and some trivializations of some pull-backs of P A . The 4-uplet (X, Y ∨ , A, A * ) corresponds to the pure part of the 1-motive, i.e. it defines the pure motives underlying M , and the 3-uplet v, v * , ψ represents the "mixity" of M . Therefore the Poincaré biextension P A is related to the pure part (X, Y ∨ , A, A * ) of the 1-motive and the trivializations are related to the mixed part v, v
is a biextension B of (G 1 , G 2 ) by G 3 , some trivializations of some pull-backs of B, and a morphism X 1 ⊗ X 2 −→ X 3 compatible with the above trivializations. Since by the main Theorem of [2] , to have a biextension of (G 1 , G 2 ) by G 3 is the same thing has to have a biextension of (A 1 , A 2 ) by Y 3 (1), we can simplify our definition: a biextension B = (B,
* B of (X 1 , X 2 ) by Y 3 (1) obtained as pull-back of the biextension B via (v 1 , v 2 ), which coincides with the trivializations induced by Ψ 1 and Ψ 2 over X 1 × X 2 ; (4) a morphism λ : X 1 ⊗ X 2 −→ X 3 compatible with the trivialization Ψ and the morphism u 3 :
The biextension B and the morphism λ : X 1 ⊗ X 2 −→ X 3 take care of the pure parts of the 1-motives M 1 , M 2 and M 3 , i.e. of X i , Y i , A i , A
• the morphism λ defines the component X 1 ⊗ X 2 −→ X 3 of weight 0;
• the trivializations Ψ 1 , Ψ 2 , Ψ and the compatibility of λ with such trivializations and with u 3 take care of the other components of
and of the compatibility of the mixed part of M 1 ⊗ M 2 and the mixed part of M 3 through this morphism of M 1 ⊗ M 2 −→ M 3 . At the end of Section 1, we give several examples of biextensions of 1-motives by 1-motives. At the end of Section 2, we show how to construct explicitly the morphisms corresponding to the biextensions stated as example at the end of Section 1.
Then we verify that the property of respecting weights which is satisfied by the morphisms of M(S), is also verified by biextensions. For example, in M(S) there are no morphisms from X 1 ⊗ X 2 to G 3 or from G 1 ⊗ G 2 to X 3 (Lemma 2.1.1), and therefore we must have that all the biextensions of ([
To have a morphism from G 1 ⊗ G 2 to G 3 is the same thing as to have a morphism from A 1 ⊗ A 2 to Y 3 (1) (Corollary 2.1.3) and therefore we must have that to have a biextension of (G 1 , G 2 ) by G 3 is the same thing as to have a biextension of (A 1 , A 2 ) by Y 3 (1) (cf. Theorem [2] ).
We can extend definition (0.0.1) to a finite tensor product of 1-motives in the following way: again because of weights, a morphism from a finite tensor product ⊗
is isogeneous to a finite sum of copies of M ι1 ⊗ M ι2 for ι 1 , ι 2 ∈ {1, . . . , l} (Lemma 2.2.6), and therefore, modulo isogeny, a morphism from a finite tensor product of 1-motives to a 1-motive is a sum of isomorphism classes of biextensions of 1-motives by 1-motives (Theorem 2.2.7).
A special case of definition (0.0.1) was already used in the computation of the unipotent radical of the Lie algebra of the motivic Galois group of a 1-motive defined over a field k of characteristic 0 (cf. [1] ). In fact in [1] (1.3.1), using Deligne's definition of biextension of 1-motives by G m , we define a morphism from the tensor product M 1 ⊗M 2 of two 1-motives to a torus as an isomorphism class of biextensions of (M 1 , M 2 ) by this torus.
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In this paper S is a scheme.
Biextensions of 1-motives by 1-motives
In [3] (10.1.10), Deligne defines a 1-motive M over S as (1) a S-group scheme X which is locally for theétale topology a constant group scheme defined by a finitely generated free Z-module, (2) a semi-abelian S-scheme G, i.e. an extension of an abelian S-scheme A by a S-torus Y (1), with cocharacter group Y , (3) a morphism u : X −→ G of S-group schemes. −→G 2 ] is a morphism of complexes (f X , f G ) such that f X : X 1 −→ X 2 is injective with finite cokernel, and f G : G 1 −→ G 2 is surjective with finite kernel.
1-motives are mixed motives of niveau ≤ 1: the weight filtration
In particular, we have Gr
1.1. The category of biextensions of 1-motives by 1-motives.
* B of (X 1 , X 2 ) by G 3 obtained as pull-back of the biextension B by (u 1 , u 2 ), which coincides with the trivializations induced by Ψ 1 and Ψ 2 over X 1 × X 2 , i.e.
′ from the biextension B to the biextension B ′ . In particular,
are morphisms of groups S-schemes.
(2) a morphism of biextensions
compatible with the morphism F = (F, f 1 , f 2 , f 3 ) and with the trivializations Ψ 1 and Ψ ′ 1 , and a morphism of biextensions
compatible with the morphism F = (F, f 1 , f 2 , f 3 ) and with the trivializations Ψ 2 and Ψ ′ 2 . In particular
compatible with the morphism F = (F, f 1 , f 2 , f 3 ) and with the trivializations Ψ and Ψ ′ . (4) a morphism g 3 : X 3 −→ X ′ 3 of S-group schemes compatible with u 3 and u
Like in the category of biextensions of semi-abelian schemes, in the category Biext(M 1 , M 2 ; M 3 ) we can make the sum of two objects. Let Biext 0 (M 1 , M 2 ; M 3 ) be the group of automorphisms of any biextension of (M 1 , M 2 ) by M 3 , and let Biext 1 (M 1 , M 2 ; M 3 ) be the group of isomorphism classes of biextensions of (M 1 , M 2 ) by M 3 .
1.2.
A more useful definition. From now on we will work on the topos T fppf associated to the site of locally of finite presentation S-schemes, endowed with the fppf topology.
Proposition [3] (10.2.14) furnishes a more symmetric description of 1-motives: consider the 7-uplet (X, Y ∨ , A, A * , v, v * , ψ) where
• X and Y ∨ are two S-group schemes which are locally for theétale topology constant group schemes defined by finitely generated free Z-modules. We have to think at X and at Y ∨ as character groups of S-tori which should be written (according to our notation) X ∨ Let s : 
We denote by
the biextension of (X, Z) by Y (1) corresponding to the biextension (v, v * ) * P A through this equivalence of categories. The trivialization ψ of (v, v * )
and vice versa.
We can now give a more useful definition of a biextension of two 1-motives by a third one: 
trivial biextensions, with Λ |Y3(1) equal to the the identity, such that the following diagram is commutative
(1.2.1)
Proof. According to the main Theorem of [2] , to have the biextension B of (A 1 , A 2 ) by Y 3 (1) is equivalent to have the biextension B = ι 3 * (π 1 , π 2 ) * B of (G 1 , G 2 ) by G 3 , where for i = 1, 2, 3, π i : G i −→ A i is the projection of G i over A i and
) and (Ψ, Ψ 1 , Ψ 2 ) determine each others. By [2] , both biextensions (v 1 , v 2 ) * B and ((v 3 , v * 3 ) * P A3 ) ⊗ Y 3 are trivial. Hence to have the morphism of S-group schemes λ : X 1 × X 2 −→ X 3 is equivalent to have the morphism of trivial biextensions Λ : (1) equal to the identity. In particular, through this equivalence λ corresponds to Λ |X1×X2 and to require that u 3 • λ : X 1 × X 2 −→ G 3 is compatible with the trivialization Ψ of (u 1 , u 2 ) * B corresponds to require the commutativity of the diagram (1.2.1). Remark 1.2.3. The data (1), (2), (3) and (4) of definition 1.1.1 are equivalent respectively to the data (1), (2), (3) and (4) where B is a biextension of (A, A * ) by W (1). In particular the Poincaré biextension of (M, M * ) by Z ( 1) is the biextension
where P A is the Poincaré biextension of (A, A * ).
its Cartier dual. If P A denotes the Poincaré biextension of (A, A * ), the semi-abelian S-scheme G (resp. G * ) corresponds to the biextension
[6] Exposé VIII 3.7). The Poincaré biextension of (M, M * ) by Z(1) is the biextension (P A , ψ 1 , ψ 2 , ψ, 0) where ψ 1 is the trivialization of the biextension (id A , v * ) * P A which defines the morphism u : X −→ G, and ψ 2 is the trivialization of the biextension (v, id A * ) * P A which defines the morphism u * :
] be the 1-motive without abelian part defined over S. where 0 is the trivial biextension of (0, 0) by 0 and λ : X × Y ∨ −→ V is a morphism of S-group schemes. Therefore
Its Cartier dual is the 1-motive
] be a 1-motive defined over S without abelian part. A biextension of (M, M * ) by 
is commutative.(We can view the trivialization Ψ as a biaddictive morphism from X ×Y ∨ to X ×Y ∨ because of the triviality of the biextension 0 and for the meaning of ψ ′ ⊗ 0 see (1.2.1)).
Some morphisms of 1-motives
In this chapter we suppose that 1-motives over S generate a Tannakian category over a field K.
Let M(S) be the Tannakian category generated by 1-motives over S. The unit object of M(S) is the 1-motive
where Z(1) is the S-torus with cocharacter group Z.
2.1.
Motivic remarks about morphisms of 1-motives.
Lemma 2.1.1. Let X i (for i = 1, 2, 3) be a S-group scheme which is locally for thé etale topology a constant group scheme defined by a finitely generated free Z-module, and let G i (for i = 1, 2, 3) be a semi-abelian S-scheme. In the category M(S), there are no morphisms from the tensor product X 1 ⊗ X 2 to G, i.e.,
and there are no morphisms from the tensor product
Proof. This lemma follows from the fact that morphisms of motives have to respect weights. In fact the pure motive X 1 ⊗ X 2 has weight 0 and the mixed motive G has weight smaller or equal to -1, and the mixed motive G 1 ⊗ G 2 has weight smaller or equal to -2 and the pure motive X 3 has weight 0. 
Proof. The proof of these equalities is based on the fact that morphisms of motives have to respect weights. For i = 1, 2, 3, denote by π i : G i −→ A i the projection of G i over A i and ι i :
In the other hand, since the motive Y 1 (1) ⊗ Y 2 (1) has weight -4, each morphism
In the other hand, since the motive G 1 ⊗ G 2 has weight less or equal to -2, each morphism
Therefore we have:
Corollary 2.1.3. In M(S), a morphism from the tensor product of two semiabelian S-schemes to a semi-abelian S-scheme is a morphism from the tensor product of the underlying abelian S-schemes to the underlying S-torus:
2.2.
Morphisms from a finite tensor products of 1-motives to a 1-motive. Definition 2.2.1. In the category M(S), the morphism M 1 ⊗ M 2 −→ M 3 from the tensor product of two 1-motives to a third 1-motive is an isomorphism class of biextensions of (M 1 , M 2 ) by M 3 (cf. (1.1.1)). We define
In other words, the biextensions of two 1-motives by a 1-motive are the "geometrical interpretation" of the morphisms of M(S) from the tensor product of two 1-motives to a 1-motive. 
of biextensions defines the vertical arrows of the following diagram of morphisms of M(S) contains no factors of weight 0. For each i strictly bigger than l, it is also easy to construct a tensor product of l factors whose total weight is −i and in which no factor has weight 0 (for example if i = l + 2 we take
However if i is strictly smaller than l, in each of these tensor products of l factors, there is at least one factor of weight 0, i.e. one of the X j for j = 1, . . . , l. Now fix a i strictly smaller than l. The tensor products where there are less factors of weight 0 are exactly those where there are more factors of weight -1. Hence in the pure motive Gr −i (⊗ 
